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ABSTRACT. We use ^-measures to give a proof of a convergence theorem

of Ruelle. The method of proof is used to gain information about the ergodic

properties of equilibrium states for subshifts of finite type.

0. In 1968 D. Ruelle proved a convergence theorem (Theorem 3 of [8])

which he used to obtain a large class of interactions, for an infinite one-dimen-

sional classical lattice gas, which have no phase transitions. The equilibrium state

of such a system was shown to have strong ergodic properties. In 1973 R. Bowen

remarked that Ruelle's proof could be extended to show the convergence of the

powers of a certain operator acting on the space of all real-valued continuous

functions on a one-sided shift space [2]. In the paper [2] he used this result

and the theory of Markov partitions, due to Ya. G. Sinai and himself, to show

that if J24 is a basic set of an Axiom A diffeomorphism / then, with respect to

f\ns' each Holder continuous c4: J2S —> R has a unique equilibrium state and if

f\cis is topologically mixing then with respect to the equilibrium state f\ns is a

Bernoulli shift.

This was done by using Markov partitions to move the problem to one

about a two-sided subshift of finite type ([1], [10]). It can then be reduced to

a problem about a one-sided subshift of finite type ([2], [11, p. 28]) and then

Ruelle's theorem can be used.

In this paper we connect these results with the idea of a g-measure, studied

by M. Keane [5]. We shall give a proof of Ruelle's operator theorem using the

notion of g-measure. The structure of this proof allows us to deduce elementary

proofs of several results about equilibrium states. There is a dense subset V of

CLX) whose members each have a unique equilibrium state, the natural extension

of the one-sided shift with respect to these measures are Bernoulli shifts, and two

members of V have the same equilibrium state if and only if they differ by a

function of the form f° T-f+c where / G C(X) and cGR (here T denotes

the one-sided shift). In §4 we extend these results to transformations more

general than one-sided subshifts of finite type.
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I. Equilibrium states. Let X be a compact metrizable space and T: X —*■

X continuous. The collection M(X), of all probability measures on the a-algebra

B of Borel subsets of A" is a convex set which is compact in the weak*-topology

and the subset M(T) of all T-invariant members of M(X) is a closed subset of

M(X). If m e M(T) we denote the entropy of T relative to ju by hß(T) [9]. If

0 E CXX), the Banach space of real-valued continuous functions on X with the

supremum norm || ||, and uEMXX) we let u(<p) denote the integral of 0 relative

to u. uE M(T) is an equilibrium state for 0 E C(X) if

hJT) + K0) =   sup   [hm(T) + m(4>)].
mSM(r)

If we denote the pressure of T by PT: CXX) —*■ R U {+°°} then this is equivalent

to requiring h^XJ) + pi(0) = PT(<p) [12]. If the mapping u —*■ hJT) of M(T)

to R is upper semicontinuous, then each 0 £ CXX) has equilibrium states. The

transformations T studied in this paper have this property and we shall be mainly

concerned with which 0 £ CXX) have a unique equilibrium state. Let denote

the collection of equilibrium states for 0. If    is nonempty it is a convex sub-

set of M(T) and if u —*■ AM(T) is an upper semicontinuous mapping, then E^ is

closed. In this case any extreme point of E^ is also an extreme point of M(T)

and so is an ergodic measure for T. As we shall see later, for certain transforma-

tions T and certain 0 £ CXX) there is a unique number of E^ and it has very

strong ergodic properties.

In studying equilibrium states the following simple result is useful.

Lemma 1.1. Let T:X-+Xbe continuous and 0, 0 £ CQC). 7/0 - 0 =

f ° T-f + c, for some f £ CXX) and some c ER, then Eq= E^.

Proof.  This follows because for each u E M(T)

f>„XT) + m(0) = h^T) +       + c.o

The same conclusion holds if we assume that, for some cER, 0-0-c

belongs to the closure of {/° T-f \ /£ CXX)}.

We shall be interested in the case where T: X —*■ X is a one-sided subshift

of finite type. This means there is a finite set S, with \S\ members, and a \S\ x

151 matrix A whose entries are zeros and ones so that X is the subset of Sz+

(where Z+ = {0, 1, 2,... }) defined by x = {x„}„ £ X if and only if AXnXn + i

= 1 for all n > 0. If 5 is given the discrete topology and 5z+ the product

topology, then X is a closed subset of the compact space Sz+. T: X —»■ X is

defined by (Tx)n = xn+1. Tis continuous. We shall denote by d the metric on

5Z+ defined by d(x, y) = l/(k + 1) where k is the greatest integer with xf = yt

for all / < k. A basis for the topology of X is given by the collection of all

finite-dimensional cylinders; i.e. sets of the form {x EX\xi = at, r < / < s} where

r < s and ar,..., as £ 5. For n > 0 a measure of the oscillation of 0 £ C(X)
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is given by var„(c6) = sup{|c6(x) - 0(y)| I d(x, y) < l/(n + 1)}. Since c6 is con-

tinuous varn(0) —► 0 as n —► °°, and we shall be mainly interested in those <j> E

CXX) which satisfy the stronger requirement that 2~_0 var„(c6) < °°. Such func-

tions are dense in C(X) because all functions which only depend on a finite

number of coordinates (i.e. for some k c6(x) = c6(y) if d(x, y) < l/(k + 1)) sat-

isfy the condition.

If x E X and p E Sk (k> 0) then px will denote the member y of S*+

where yt = pt, 0 < / < k - 1 and yf = xf_kk < j. Note that px E X if and only

if Apk_lXQ = 1 and AP.P.+. = 1,0<I <-2. Tis topologically transitive

(i.e. for all nonempty open sets U, V T~"U n F#0 for some n) if and only if

for each pair i, j E 5 there exists k > 0 with 04fc)f /- =1. T is topologically mix-

ing (i.e. for all nonempty sets U, V there exists N with T~nU n K ¥= 0 for all

n>N)i{ and only if there exists Af > 0 so that j4m has all entries positive.

Clearly if J is topologically mixing U"=o W~nx} is dense in X for each xEX.

As mentioned in §0 Bowen has shown how to relate f\nk, where £2fc is a

basic set of the Axiom A diffeomorphism /, to a two-sided subshift of finite type,

and Sinai has shown how to reduce the study of equilibrium states for a large

class of functions for a two-sided subshift of finite type to the case of a one-sided

subshift of finite type [11, p. 28]. In this situation one can use Ruelle's operator

theorem (Theorem 3.3) to get information about equilibrium states.

2. g-measures. Let T: X —*■ X be a one-sided subshift of finite type. For

<t> E C(X) we can define the Ruelle operator L0: (XX) —> C(A0 by (L0/)(x) =

~Z,y&T^ixe^y^f(y). Of special inportance are the functions 0 = logg where

g E G = {g E (XX)\ g > 0 and S^-^y) = 1 for all x}. Then (Llog /)(*)

= 2yeT-ig(y)f(y) and Llog gUTf = f where UTf = f° T.
We shall use the following result, where the dual of L: C(X) —*■ C(X) is

denoted by L* and Em(flT~l 8) denotes the conditional expectation of / E

Ll(m) relative to the a-algebra T-18, where B denotes the Borel a-algebra of X.

Theorem 2.1 (Ledrappier [6]). LetgG Gand m EM(X). If L denotes

Llogg the following are equivalent:

(i) L*m = m.

(Ü) m £M{T)andEm{flT-lZ)(x) = 2zBT-lTxg(z)f(x) a.e. (m)forfe
Ll(m).

(üi) m E Af(7) and m is an equilibrium state for log g.

Proof. We include Ledrappier's proof for completeness,

(i) -> (ii). If/E C(A0 m(fT) = m(L{f° T)) = m(f), some M(T). If

f£L\m),

m(f) = mOf) = m((Lf) °T) = f    £ g(y¥(y)dm(x),
y£T~1Tx
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SO

Em(f/T-lß)(x)=     £    g(yY(y) a.e.

(ii) —*■ (iii). Since the partition of X into the sets {x| x0 = /}, / € S, is a

one-sided generator for any measure a G M(T) we have /i^fT) = H^B/T'1 B),

(see [9, p. 27]). If g^: X—+R denotes the function defined a.e. (p.) by

E^f/TT1 B)(x) = Zyer-iTxtßWfW'then

hß(T) = -j £ gM(^) log gß(y)dp(x) = -/ log *M(x)d/i(jf) = - u(log *M).

Therefore

hJJ) + juGog g) = pQog(g/gß)) < u(g/gM - 1)  since log x < x - 1

yer V*       \ M /

= /    Z   C^)-gM(j))W = 0,

and «M(7) + u(log g) = 0 (i.e. ju is an equilibrium state for log g) if and only if

log(g/gM) = g/gM ~ 1 a.e. (p.), i.e. g = gM a.e. Ox). But if m satisfies (ii) then

g = gm a.e. (m) so m is an equilibrium measure for log g.

(iii) —► (i). From the above reasoning m e M(T) is an equilibrium state for

log g if and only if g = gm a.e. (m). Let / e C(X) and we want to show m(/)

= m(Lf). But

= m((L/) ° 7) = f    £    rfjK)/O0*»(x) = >"(/).

We call a measure m a g-measure if it satisfies the equivalent conditions of

Theorem 2.1. By the Schauder-Tychonoff theorem [3, p. 456] L* always has a

fixed point in M(X) so g-measures always exist. Note for a g-measure p h (T) +

/■■(log g) = 0.

Lemma 2.1. (a) If g €= G then each g-measure gives positive measure to

each nonempty open set.

(b) If gv g2^G and some g-measure coincides with some g2-measure,

thengx =g2.

Proof, (a) Let m be a g-measure. It suffices to show each cylinder set of

the form B = [a0,.. ., ak] = {x e X\ x{ = a{, 0 < i < k} has positive measure.

Choose c > 0 so that g > c. Then
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m(B) = f Em(xs/T_(fc + 1 * B) dm   where xB is the characteristic function of B,

= /g(ax)g(T(ax)) • ■ ■ g(Tk(ax))dm(x)  where a = (a0,. . . , ak) G Sk+1,

k + l

(b) Let Wj = m2 where mi is agj-measure, i = 1,2.

By (ii) of Theorem 2.1, gj = g2 a.e.wj,. Hence by (a) gj = g2.

3. Convergence theorems and equilibrium states.

Theorem 3.1. Let T. X —> X be a topologically mixing one-sided subshift

of finite type and let gGG. Denote Llogg by L. If 2™=0 var„(log g) < °°

then L"f converges uniformly to a constant p(f) for all f G C(X). p is a g-measure

and is the only one.

Proof. The proof is that of Keane [5] but we have adapted it slightly to

our assumptions. Let / 6 C\X).

We first show the set {L"f\ n > 0} is an equicontinuous subset of C(X).

Suppose   is a positive integer and d(x, y) < l/(k + 1). Then x0 = y0 so if

p G S" px G X if and only if py G X. Let S"(x) denote these pGS" with px G

X. Then Sn(x) = Sn(y) and

1/."/(*) - L"f(y)\

Z    s(px)g(T(px)) • • • g(Tn-1 (px))f(px)

pes"(x)

Z   gipy)g(T{py)) • • • gtTn~l(py))f(py)

pes"(x)

Z   f&*)s(T(px)) • • • giT^ipxMfipx) -f(py)]

Z    f(Py)\g(Px)g(.T(px)) ■ ■ • g{Tn-l(px))

-gipy)g(J(py))---g(Tn-l(py))\

P^S"(x)

<   sup \f(px)-f(py)\
pes"(.x)

+ 11/11   Z    \S(PX) ■ * • 8iT"-lipx))-g(py) ■ • • g(T"-l{py))\.

Pes"(x)

But
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\g(px) ■ • • g{Tn-l(px))-g(py) ■ ■ ■ g(Tn-l(pyy)\

- 1

varfc(log£)+varfc+ i(log£)+---rvark + „(logs) _ 1,

-varfc(iogg)-varfc+^log^;

Therefore

\Lnm-Lnf(y)\<   sup   \f(px)-f(py)\ + Ck\\f\\

< sup fj/(w) -f(z)\ I d(w, z) < l/(k + 1)} + Ck||/||,

if d(x, y) < l/(k + 1) and so {Lnf\ n > 0} is an equicontinuous subset of (XX).

Since \\Lnf\\ ^ II/II we know by the Arzela-Ascoli theorem that the closure of

{Lnf \ n > 0} is compact. Hence there exists /„, S (XX) and a sequence nt of

positive integers such that Ln,/z?/*- If aC*) and ß(h) denote the minimum value

and maximum value of h e C\X) then

<*(/) < *(Lf) < ■ • • < <*(/„) < ß(U) <     < pW) < £(/)•

Note that a(U) = a(LA) and if a(/t) = a(L/*) = (LA)(z) then Uy) = a(/;)

for y E T~lz; similarly if a(/*) = a(L*/*) = L*/**», then U(y) = <*(/*) for

y G r w. By using topological mixing we see that every cylinder set contains a

point where /* attains its minimum. Therefore /„, is a constant and then clearly

/*• Write p(f) instead of /„,. By the Riesz representation theorem u is a

probability measure on X and it is clear that L*u = u. If m is another g-measure

then integrating L"/z± p(f) with respect to m gives m = p.

The first part of the proof shows that instead of assuming 2~_0 var„(log g)

< oo We could assume the weaker condition

For the notions of natural extension, Bernoulli shift, exact endomorphism

and strong mixing we refer to [9].

Z   Wx) ■ ■ • g{Tn-l(px))-gipy)• • • g{Tn-l(py))\

—► 0  as k —*■ <».
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Theorem 3.2. Let T: X —+ X be a topologically mixing one-sided subshift

of finite type and let gEG. If 2~=0 varn(log g) < <*>, then the unique g-measure

p given by Theorem 3.1 has a Bernoulli natural extension. Hence relative to the

measure p, T is an exact endomorphism and is strong mixing.

Proof. This proof is an adaptation of that of Bowen [2]. Another proof

is in [6].
rs* r**j i*v

Let (X, B, p, T) denote the natural extension dynamical system. If y de-

notes the partition of X into the sets {jc e X\ xQ = /} as i runs through S let y

denote its extension to X. We shall show 7 is a weak Bernoulli partition for T

[4]. We shall show for every e > 0 there exists N such that for t > N and for

all positive integers r and s \p(P n f(s+ ' >ß) - p(P) • lu(ß)i < ep(P)p{Q) for all atoms

p of VSi=oT~ly 311(1 atoms ß of V^o T~% This clearly implies 7 is weak

Bernoulli. The condition stated is equivalent to showing

(1) \pLP n 7-(s+ f>ß) - p(P) • P(Q)\ < ep(F)KQ)

for all atoms P of V<=o      211(1 atoms Ö of V/=0 T~'y-

Let P = {x E X\ xt = at, 0 < / < s} and Q = {x € X\ xk = bk, 0 < k < f).

Suppose both are nonempty. Choose 6 so that 1/(1 - e) < (1 + 8)3 < 1 + e.

Choose m so that if s > m and xt = yt, 0 < / < s, then

(1 + 5)"1 <g(y) • • • g(Ts-m-1yMx) ■ • ■ giT'-^x) < 1 + 5.

m depends only on e and clearly it suffices to prove (1) for s > m, since an atom

of V*=o T-/7 is a union of atoms of V/=o T~iy if s' < s. Therefore assume

s> m. Note that

p(P n r-<s+f>Q) = p(xP • xQ 0 Ts+t)

= kls+t(xP • Xq 0 Ts+t)) = p(xQ ■ Ls+txP).

Consider

m (L°-mXpKz)=     Z s(y)---g(T™-1yyxp(y).

Note that P n r<M,)z ±0 if and only if z 6 P1 = {x E X\x, = as_m+t, 0 <

1 < m) = [a^,... , as]. Therefore (Li_mXj>)(z) * 0 if and only if z £ P'

and then the sum in (2) only has one nonzero term, when y = a0 • • • as_m_xz.

Hence if z, w EP',

Ls-mxP(z)ILs-mXp(w)=giy) ■ • •giTs-m-ly)lg{u) ■ • -gCT™-^)

where y = a0'" a^^jZ and « = a0 • • • «J_w_1w, and so (1 + 5)_1 <

L*~'"Xp(z)/Ls~mXi>(w) < 1 + 5 by choice of m. Fix some w E P' and let c =

L^XpW- Then (1 + S^cxpiz) < L*-mXp(z) < (1 + 6)cxP<z) for all
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z EX. Integrating this gives (1 + 5)_1cii(P') <u(P) < (1 + 8)cß(P'), and using

this to eUminate c gives

(1 + ÖT2tiP)Xp<z)ltiP') < Ls-mXp(z) < (1 + 8)2u(P)xp^)lßiP').

Therefore

(1 + 8)"2 ^ (Lt+mXP-)(.z) < Ut+%Xz)

= at+ma°-mxPm < a + s)2 ;^a'+mx>oco.

Using Theorem 3.1 choose N so that t > N implies | Lf+mXp'0O ~ u(P')\ <

ju(P')5/(l + 5) for all z E X. Since m depends only on e and since there are at

most \S\m possible choices for P' we can choose N, depending only on e, to work

for all choices of P'. lit>N then (1 + 8)~3ß(P) < (Lt+%)(z) < (1 + 8)3ß(P)

and therefore

xeO)(i + 8)-3u(P) < at+sxpXz)xQ(.z) < (i + s)3p(P)xq(.z),   * e X

Integrating this gives

(l + 8T3ß(P)ß(Q) < ju(P n r-<*+f>ö) < (i + 5)3/i(P)ju(Ö)

and so

\u(P n r-(i+f>0 - M(P)M(Ö)I < fWÖ) • max((l + 5)3 - 1, 1 - 1/(1 + 5)3)

</i(/J)M(G)e.

One can prove directly that (T, u) is an exact endomorphism without the use of

the Bernoulli property. Since L"f z* u(f), f E C(X), we know /I L"f - ß(f)\ dp

—► 0 as n —► 00 if/£ L'(p). If Eß(f/Q) denotes the conditional expectation of

fEL'Qi) relative to the o-algebra Q. we have to show Efl(f/CTT~nB) = u(f)

a.e. for allfEZ,'(tz). Note that since u is ag-measure Efl(f/T~nB) = {lnf\T"x)

a.e. and therefore, using the martingale theorem,

/k(//fi r^g] - m(/) 4u = Um f\Eß(f/T~nB) - ß(f)\dß
o

= lim [\L"f-u(f)\dß = 0.

In this proof we used the assumption 2~_0 var„(logg) < 00 in getting the con-

vergence Lnf z? Kf) (Theorem 3.1) and in the definition of m. Taking into

account the remark after the proof of Theorem 3.1 we could assume the following

condition instead of 2q var„(log g) < °°:

sup
s>m

H\giy)---g(Ts-m-iy) , A( 1 H
-;-1 d(x, y) < —— I 0  as m —*■ °°.
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This condition implies the one in the remark after the proof of Theorem 3.1.

The following theorem is the main tool for studying equilibrium states for one-

sided subsbifts of finite type. It was stated in the form given here by Bowen [2].

We shall prove it using Theorem 3.1. We use the symbol zi± to denote conver-

gence in C(X).

Theorem 3.3 (Ruelle*s Operator Theorem). Let Tbe a topologically

mixing one-sided subshift of finite type. Let $ E C\X) satisfy 2~_0 var„(c6) < °°.

There exists a number X > 0, h E C\X), and v E M(X) such that h>0, v(h) = 1,

LJi = Aft, i*v = Xv, and /^/A" z+ K/) ' h-

Proof. The construction of X, h and v will be taken from Ruelle's proof

[8], and we shall use ̂ -measures to get the convergence property. We write L

instead of i^.

1. To obtain X and v consider the mapping of M(X) to itself given by m —*■

L*m/(Lm)l- The Schauder-Tycharoff fixed point theorem [3, p. 456] gives a

fixed point v E M(X) for this map. Therefore L*v = Xj> if X = (l*)l.

2. To obtain h, put Bk = exp      j var;(c6) and consider the set

A - {/E C\X)\ K/) = l,/> 0, and for all k > 1 fix) < Bkf(y)

ifd(x,y)<W+ 1)}.

We want to show A is a convex compact subset of C\X). It is convex because if

/, h E A and a > 0, ß = 1 - a > 0, then

o/i» + ßh{x) < max0£|, ^ W(y) + ßh(y))

when d(x, y) < l/(k + 1). To show A is compact we show it is bounded, closed

and equicontinuous and then apply the Arzela-Ascoli theorem. To prove bounded-

ness consider any points x, z EX and choose v E T~Mz with v0 = x0 (here AM

> 0 by topological mixing). If f E A then

(LMf)(z)=    Z e*(y)+,i'{'Ty)+"'+(l>i-TM~1y)f(y)

yST~Mz

> e<t>(v) + <P(Tv)+-+<HTM-lv)> e~mmB\xf(^).

Therefore f(x) < (LMf(z)/\M) ' \MeMn1>nBl for aU z and so

fix) < XMeM^%viLMffXM) = XMeM^Bl = K.

Hence /is bounded. If/E A and dix, y) < 1/ik + 1), then f(y) -f(x) <

fix)[Bk - 1] < K[Bk - 1] and Bk —»■ 1 as k —► <». Therefore A is equicontin-

uous. Since A is clearly a closed subset of CXX) we have that A is compact.

Define L: CXX) —*■ CXX) by L = X"1 L. We want to show IA C A and
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then apply the Schauder-Tychanoff theorem. Let fG A. v(Lf) = v(f) = 1 by

the construction of v. Clearly Lf> 0. If d(x, y) < l/(k + 1), then

(Z/)(x) = X"1   £ . e*(")/(u) = X"1 23

and

uer lx i:Aix0~l

(LfXy) = >r1 £ c*(0)/(u) = x-1   £_ ^'»/o»
uer-1y ,:i4iy0=1

and each sum runs over the same values of i since x0 =y0. Since ix and iy have

their first & + 1 coordinates equal (i.e. d(ix, iy) < l/(k + 2)) we have

(LfXx) < Bk+ ,ev"*+ l(0)(Z/X>O = 5fc(Z,/)(^).

Therefore Z,A C A and let A be a fixed point of L. We wish to show h > 0. If

A(x) = 0 for some x then since Lh = h we have A(>>) = 0 if y G T~xx. Similarly

h vanishes on the dense set Uo W~nx} and so h = 0, contradicting vQi) = 1.

3. It remains to show the convergence property. Put gix) = e^x^h(x)l\h(Jx).

Then g > 0, g is continuous and 2 e2_ixiO0 = 1. Also (L"/Xx)/Xn =

KxXL"oe g(f/h))(x)- If we can show g satisfies the condition in Theorem 3.1

then we shall get LJ/TX" —► h • u(f/h) where u is the unique g-measure. However

the measure m defined by m(f) = v(f- h),fG C(X), is a g-measure because it is

a probability measure and m(lloggf) = v(h • Llog/) = KL^f- A))X-1 =

K/ • h) = m(f). Therefore u(f/h) = v(f) and LJ//X" =*■ v{f) • h. We show g

satisfies the condition at the foot of p. 382. Let d(x, y) < l/(s + 1) and s > m. Then

gjy) • • • gjT™-^) 1

g(x)---g(ri-'"-1*)

exp(0(x) - 0f» + • • • + 0(7,4"m-1x)

< max exp( 23 var,(0) +  £ var,<0) + £ var^) ) - 1,
|_     \i=m i=s+l i=m )

ts <*> °° VI-23 varf(0)-  23 var,(0)- 23 varA»)
i=m <=»+l i=m /J

j^exp^ £ varf(0)^ - 1, 1 -exp^-2 £ var^J.= max
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/.supUl^"--^'^-!  ^X-fJUo as.—.
'>*L   \\ Six) • • ■ giT^-'x) s + 1jJ

Corollary 3.3(i). Suppose T.X-+X and <p e (XX) are as in Theorem

3.3. Then <p has unique equilibrium slate p^ and p^if) = vQi •/),/£ CiX).

Pq is the unique g-measure forg =    • /i/Xfc(7). With respect to p^ T is an exact

endomorphism iand hence strong mixing) and its natural extension is a Bernoulli

automorphism, p^ is positive on nonempty open sets. PTi<t>) — log X and X is

the spectral radius of L0: (XX) ~* CXX). Also (log L£l)/n PTi<p).

Proof. We have <p = log g + log h ° T - log h + log X so 0 and log g have

the same equilibrium states by Lemma 1.1. Since we know Lfogy/z? K/' h)

we know log g has a unique equilibrium state which is given by p^if) = f(/' h),

f e CXX). Therefore p^ is the unique equilibrium state for c6. We saw in the proof

of Theorem 3.3 that is it a g-measure. By Theorem 3.2 we know that the natural

extension of T relative to p^ is a Bernoulli automorphism and that (T, p^) is

exact. Pq is positive on open sets by Lemma 2.1.

Since p^ is the equilibrium state for c6 = log g + log h ° T - log h + log X,

pr(<t>) = \iT) + ßtfb) = h^iT) + /i0(log g) + log X = log X,

since p^ is a g-measure.

The spectral radius of L0 is given by Um„_0O||L^ll1/n = lim„^ j|l£l||1/n

= X by Theorem 3.3. Since lJI/X" z* h we get (log Lp)ln —*PTi<t>).

Note that X, v and h > 0 are all uniquely determined by L^Z/X" z* h • i>(/)

since log X = hm„_>00 /T1 log LJl, and A = Um„^00 L^l/X".a

The above corollary generalises the result of W. Parry [7] that a topologically

mixing subshift of finite type has a unique measure which maximises entropy.

This is the case 0 = 0 since then PTiO) = hiT), the topological entropy of T and

an equilibrium measure for c6 = 0 is a member p of Af(7) with h^iT) = hiT).

Let p0 denote the unique measure with AMo(T) = ft(7). Sinai has shown how to

define a class of measures he calls Gibbs measures from a given ju e m(T) and a

given <f> e CiX)  [11]. If 2~=0 varn(0) < °° it can be shown that there is a

unique Gibbs measure corresponding to p0 and <p, and this measure is p^. The

next corollary has been proved by Sinai from the point of view of Gibbs measures

[11, p. 30].

Corollary 3.3(ii). Let T: X    X be as in Theorem 3.3 and <p,\}/e

CiX) satisfy 2~ var„(c6) < ~, S" var„(0) < °°. Then p^ = p^ if and only if

=/o T - f + c for some f e OX) and some c e R.

Proof. If $ -\b =f° T-f + c then p^ = p^ by Lemma 1.1. Suppose

p<l) = p^. By Corollary 3.3(f) p^ is the unique gj-measure for some gj =
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e^Aj/CXj •h1 0 7)andismeuniqueg2-measureforsomeg2 = e'*iA2/(X2 'A2° T).

By Lemma 2.1 gt = g2- Therefore

A. o T h, X.

4. Generalisations. Suppose (X, d) is a compact metric space and T is a

continuous transformation of X onto X which satisfies

(a) there exists k such that {r-1x} has less then k members, for all x,

(b) T is a local homeomorphism, and

(c) for sufficiently small 5 > 0, d(x, y) = b implies d(Tx, Ty)>8.

If 0 G C(X) then      CLY) ~* CtY) can be defined by (L0/)(x) =

2,eJ-i»«*O0/O0- If e > 0, then let

var„(0, e) = sup{|0(x) - 0O)I1 d(T!x, T'y) < e, 0 < i < n - 1}.

Let G(7) = {g G C(A0lc? > 0 and EyeT-ix g(y) = 1 for all x G AT}. A similar

proof to that of Theorem 3.1, 3.3 and yields

Theorem 4.1. Let T: X —*■ X satisfy (a), (b), (c) above and also, (d)

Ve > 0 IN such that Vx G X T~Nx is e-dense.  Then if 2~=0 var„(<£, e) —>

0 as e —> 0 rAere ex/s/s a number X > 0, i> G Af(A0, A G C(X) sucA that A > 0,

KA) = 1, L*u = Xv, L^h = Xh, and L$/7X" ̂* A • v(f)forallfe C{X).
When cp = log g, g e G(T), rAevi X = 1 And A = 1.

A continuous transformation S: X —> X is positively expansive if there ex-

ists 5 > 0 so that d(S"x, S"y) < 5 for all n > 0 implies x = y. Then any finite

partition of X into Borel sets of diameter less than 5 is a one-sided generator for

all u G M(S) and so hß(S) = H^B/S'1 B) for all p G Af(S). This allows us to use

the proof of Theorem 2.1 to prove the following result.

Theorem 4.2. Let Tbe a positively expansive transformation satisfying

(a), (b) and (c). Suppose g G G(T) and let L denote Llogg.

If m£ M(X) the following are equivalent:

(i) L*m = m,

(ü) m eM(T) and Em(flT~l B)(x) = 2zeT-lTxg(z)m o.e. mforfe

L\m),

(in) m e M(T) and m is an equilibrum state for log g.

A measure satisfying these conditions is called a g-measure.

Using this we can deduce

Theorem 4.3. Let T be positively expansive and satisfy (a), (b), (c), (d).

Let <p be as in Theorem 4.1. Then <p has a unique equilibrium state p^ and p^if)

= v(h'f)>fe WO- u<t>is the unique g-measure for g = e*A/(X • A 0 I). With
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respect to p^ the natural extension of Tis a Bernoulli shift, p^ is positive on

open sets. Also PT(<p) = log X and X is the spectral radius of L^.

When proving the Bernoulli property one uses for 7 any partition of X into

Borel sets of diameter less than 5. The proof is slightly more complicated than

the proof in Theorem 3.2 because the characteristic function of a set of the form

(~)?=0 T~lBt, Bt E 7, may not be continuous.
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