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ABSTRACT. We use g-measures to give a proof of a convergence theorem
of Ruelle. The method of proof is used to gain information about the ergodic
properties of equilibrium states for subshifts of finite type.

0. In 1968 D. Ruelle proved a convergence theorem (Theorem 3 of [8])
which he used to obtain a large class of interactions, for an infinite one-dimen-
sional classical lattice gas, which have no phase transitions. The equilibrium state
of such a system was shown to have strong ergodic properties. In 1973 R. Bowen
remarked that Ruelle’s proof could be extended to show the convergence of the
powers of a certain operator acting on the space of all real-valued continuous
functions on a one-sided shift space [2]. In the paper [2] he used this result
and the theory of Markov partitions, due to Ya. G. Sinai and himself, to show
that if £ is a basic set of an Axiom A diffeomorphism f then, with respect to
flg, each Holder continuous ¢: €, — R has a unique equilibrium state and if
flay is topologically mixing then with respect to the equilibrium state flg is a
Bernoulli shift.

This was done by using Markov partitions to move the problem to one
about a two-sided subshift of finite type ([1], [10]). It can then be reduced to
a problem about a one-sided subshift of finite type ([2], [11, p. 28]) and then
Ruelle’s theorem can be used.

In this paper we connect these results with the idea of a g-measure, studied
by M. Keane [5]. We shall give a proof of Ruelle’s operator theorem using the
notion of g-measure. The structure of this proof allows us to deduce elementary
proofs of several results about equilibrium states. There is a dense subset V of
C(X) whose members each have a unique equilibrium state, the natural extension
of the one-sided shift with respect to these measures are Bernoulli shifts, and two
members of V have the same equilibrium state if and only if they differ by a
function of the form fo T — f + ¢ where f € C(X) and ¢ € R (here T denotes
the one-sided shift). In §4 we extend these results to transformations more
general than one-sided subshifts of finite type.
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1. Equilibrium states. Let X be a compact metrizable space and T: X —
X continuous. The collection M(X), of all probability measures on the g-algebra
B of Borel subsets of X is a convex set which is compact in the weak*-topology
and the subset M(T) of all T-invariant members of M(X) is a closed subset of
M(X). If u € M(T) we denote the entropy of T relative to p by 4, (T) [9]. If
¢ € ((X), the Banach space of real-valued continuous functions on X with the
supremum norm || ||, and u € M(X) we let u(¢) denote the integral of ¢ relative
to u. 4 € M(T) is an equilibrium state for ¢ € C(X) if

hD+ U@ = sup [i(D) + m@)]-

If we denote the pressure of T by Pr: O(X) — R U {+0} then this is equivalent
to requiring 4, (T) + () = Pr(¢) [12]. If the mapping u —> h,(T) of M(T)
to R is upper semicontinuous, then each ¢ € ((X) has equilibrium states. The
transformations T studied in this paper have this property and we shall be mainly
concerned with which ¢ € ((X) have a unique equilibrium state. Let E, denote
the collection of equilibrium states for ¢. If E, is nonempty it is a convex sub-
set of M(T) and if u —> A (T) is an upper semicontinuous mapping, then E,, is
closed. In this case any extreme point of E is also an extreme point of M(T)
and so is an ergodic measure for 7. As we shall see later, for certain transforma-
tions T and certain ¢ € C(X) there is a unique number of E, and it has very
strong ergodic properties.

In studying equilibrium states the following simple result is useful.

LEMMA 1.1. Let T: X — X be continuous and ¢, ¢ € CX). If ¢ — ¢ =
foT-f+c for some f € ((X) and some ¢ ER, then E, = E,.

ProOF. This follows because for each u € M(T)
1 (T) + u(@) = h(T) + p(¥) + co

The same conclusion holds if we assume that, for some ¢c€R, ¢ -y — ¢
belongs to the closure of {f° T - f| f € OX)}.

We shall be interested in the case where T: X — X is a one-sided subshift
of finite type. This means there is a finite set S, with |S| members, and a |S| x
|S| matrix A whose entries are zeros and ones so that X is the subset of SZ*
(where Z* = {0, 1,2, ...}) defined by x = {x,}g € X if and only if Ay, , ,
=1foralln > 0. If S is given the discrete topology and S Z* the product
topology, then X is a closed subset of the compact space SZ2*. T: X — X is
defined by (Tx), = x,,,,. T is continuous. We shall denote by d the metric on
Sz* defined by d(x, y) = 1/(k + 1) where k is the greatest integer with x; = y;
for all i < k. A basis for the topology of X is given by the collection of all
finite-dimensional cylinders; i.e. sets of the form {x € X| x; = a;, r < i < s} where
r<sanda,,...,a,€S. Forn >0 ameasure of the oscillation of ¢ € C(X)
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is given by var, (¢) = sup {l¢(x) — ¢(»)I | d(x, y) < 1/(n + 1)}. Since ¢ is con-
tinuous var,,(¢) — 0 as n — o, and we shall be mainly interested in those ¢ €
C(X) which satisfy the stronger requirement that Z__, var, (¢) < . Such func-
tions are dense in C(X) because all functions which only depend on a finite
number of coordinates (i.e. for some k ¢(x) = ¢(y) if d(x, ¥) < 1/(k + 1)) sat-
isfy the condition.

Ifx€Xand p €S* (k> 0) then px will denote the member y of SZ*+
where y; =p;, 0<i<k-1 and y; = x;_,k <j. Note that px € X if and only
ifAp;_1xq=1and Ap;p;. , =1,0<i<k~—2. Tis topologically transitive
(i.e. for all nonempty open sets U, ¥ T~ "U N V # & for some n) if and only if
for each pair i, j € S there exists kK > 0 with (A"),-, ;= 1. T is topologically mix-
ing (i.e. for all nonempty sets U, V there exists NV with T"U N V # & for all
n = N) if and only if there exists M > 0 so that AM has all entries positive.
Clearly if T is topologically mixing {J;;—, {T"x} is dense in X for each x € X.

As mentioned in §0 Bowen has shown how to relate flg , , where &, is a
basic set of the Axiom A diffeomorphism f, to a two-sided subshift of finite type,
and Sinai has shown how to reduce the study of equilibrium states for a large
class of functions for a two-sided subshift of finite type to the case of a one-sided
subshift of finite type [11, p. 28]. In this situation one can use Ruelle’s operator
theorem (Theorem 3.3) to get information about equilibrium states.

2. g-measures. Let T: X — X be a one-sided subshift of finite type. For

¢ € C(X) we can define the Ruelle operator Ly: ((X) — C(X) by (Lyf)x) =
z yET_lxe“’(y )f(¥). Of special inportance are the functions ¢ = log g where
gEG={g€CX)Ig>0and EyET‘lxg(y) =1 forall x}. Then (L}og of)X)
= EyeT—lg(y)f(y) and Llog gUTf=fWhefe Upf=f°T.

We shall use the following result, where the dual of L: C(X) — C(X) is
denoted by L* and E,,(f/T ! B) denotes the conditional expectation of f €

L!(m) relative to the o-algebra T~!B, where B denotes the Borel g-algebra of X.

THEOREM 2.1 (Ledrappier [6]). Let g € Gand m € M(X). If L denotes
Llog ¢ the following are equivalent:
@) L*m=m.
(ii) m € M(T) and E,,,(fIT ' B)x) = Z,c p—17, 8@ f(x) a.e. (m) for f €
Li(m).
(iii) m € M(T) and m is an equilibrium state for log g.

ProoF. We include Ledrappier’s proof for completeness.

l(i) — (ii). If f€CX) m(fT) = m(L(f° 1)) = m(f), so m € M(T). If
FEL (m),

m)=mlh=m()D=[ T 2o} ()Mm),

YET-1Tx
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s0
E,(fIT'Bx)= X &0 () ae.(m)
YET— 1rx
(ii) — (iii). Since the partition of X into the sets {x| x, =i},i €S, isa
one-sided generator for any measure u € M(T) we have h,(T) = HM(B/T"l B),
(see [9, p- 27]). If g,: X — R denotes the function defined a.e. (i) by

E,(fIT™ B)®) = 2,117, 8,(»)f(3), then

hD=-[ X £, logg,(»)duix) =~ [ log g,(x)du(x) = ~u(log 8,).

yGT_lTx

Therefore

h,(T) + ulog &) = p(log(g/g,)) < n(g/g, — 1) since logx <x -1

=/ Z g“(y)(%_ >du(x)

yGT_lTx

=[ X 6»-g0)dum=0,

yer 7y

and ,(T) + p(log g) = O (i.e. u is an equilibrium state for log g) if and only if
log(g/g,) = 2/g, —1 ae.(u),ie.g =g, ae.(u). Butif m satisfies (ii) then
g =8, ae.(m)somis an equilibrium measure for log g.

(iii) — (i). From the above reasoning m € M(T) is an equilibrium state for
log g if and only if g = g,, ae.(m). Let f € C(X) and we want to show m(f)
=m(Lf). But

mLA=m(LHD=[ T )I)dmx)=m(f).
ye T 1irx
We call a measure m a g-measure if it satisfies the equivalent conditions of
Theorem 2.1. By the Schauder-Tychonoff theorem [3, p. 456] L* always has a
fixed point in M(X) so g-measures always exist. Note for a g-measure u h“(T) +
p(log g) = 0.

LeMMA 2.1. (a) If g € G then each g-measure gives positive measure to
each nonempty open set.

(b) If g,, &, € G and some g,-measure coincides with some g,-measure,
theng, =g,.

PrROOF. (a) Let m be a g-measure. It suffices to show each cylinder set of
the form B = [a,, . . ., 4] = {x € X| x; = a;, 0 <i < k} has positive measure.
Choose ¢ > 0 so that g > ¢. Then
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m(B) = f E,(xg/T"**DB)dm where xg is the characteristic function of B,

= [ glax)e(T@x)) - - - g(T*(@x))dm(x) where a = (g, . . . , a,) € S*+1,

>ck+l.

(b) Let m; = m, where m; is a g;measure, i = 1, 2.
By (ii) of Theorem 2.1, g, =g, ae.m,;. Hence by (2a) g, =g,.

3. Convergence theorems and equilibrium states.

THEOREM 3.1. Let T: X — X be a topologically mixing one-sided subshift
of finite type and let g € G. Denote Liogg by L. If Z,_, var,(log g) <o,
then L"f converges uniformly to a constant u(f) for all f € C(X). u is a g-measure
and is the only one.

ProoF. The proof is that of Keane [S] but we have adapted it slightly to
our assumptions. Let f € C(X).

We first show the set {L"f| n > 0} is an equicontinuous subset of C(X).
Suppose k is a positive integer and d(x, y) < 1/(k + 1). Then Xy =Y, so if
PES" px € X if and only if py € X. Let §™(x) denote these p € S” with px €
X. Then $"(x) = $"(») and

IL"fG) = L")
> &ex)e(T(px)) - + - &(T"(px)) f (px)

pes” (x)

= X &pneT@y)) - - gT r)f (py)

pes" (x)

Y &ex)e(T(px)) - - - &(T" " (x))[f (px) — F (py)]

pes" (x)

Y fer)eex)e(T(px)) - - - (T (px))

peS" (x)

<

+

- gwy)e(T@y)) - - - &(T" ()]
< sup |f(px) = f(pop)I

PES (x)

HIL 3 lglpx) - - - g(T" (X)) — g(oy) -+ - g(T (@)

pes" (x)

But
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lg(px) - - - g(T" 1 (px)) — g(@y) - - - &(T"  (@y))l

gex) T )
gpy) -+ - &I ()

< [gy) - (T (@y))]

varg(log g)+var log g)+ -+ var (log g)
ax(e k(log g)+varg 4 y(log 8) k+n -1

= gpy) * - - &(T" " ()

1- e—vatk(los g)—++~varg 4 p(log g))

< [gy) - - - g(T"'l(py))] max(eZ;’:kvar,(los g _ 1,1- e—Z?:kvar,(log g))
=g(py) - - - &(T" ' (py))C, where C;, — 0 ask —> oo,

Therefore

IL*f(x) = L"f()I<  sup  |f(x) = fy)l + C,lifll

pes"(x)
< sup {If(w) —f(@@)I| dw, 2) < 1/(k + 1)} + Clif1l,

if d(x, y) <1/(k + 1) and so {L"f| n > 0} is an equicontinuous subset of C(X).
Since || L"f1l < |IfIl we know by the Arzela-Ascoli theorem that the closure of
{L"f| n > 0} is compact. Hence there exists f, € C(X) and a sequence n; of
positive integers such that L"if — f,. If a(h) and f(h) denote the minimum value
and maximum value of # € ((X) then

() SALA < - <afy) SB(f) S - - < BLS) < BUS)-

Note that a(f,) = a(Lf,) and if a(f,) = a(Lf,) = (L£i)(z2) then f(») = o(fs)
for y € T7'z; similarly if a(fy) = o(L¥f,) = L¥fu(w), then £o(») = a(f,) for
¥y € T"*w. By using topological mixing we see that every cylinder set contains a
point where f, attains its minimum. Therefore f, is a constant and then clearly
L"f — f,. Write u(f) instead of f,. By the Riesz representation theorem u is a
probability measure on X and it is clear that [ *u = u. If m is another g-measure
then integrating L"f — u(f) with respect to m gives m = p.

The first part of the proof shows that instead of assuming Z,_, var,(log g)
< oo we could assume the weaker condition

Sﬁp[sup > lgex) - 2T px) ~ &) - T )

peS" (x)
1
dx N <7 1;]

— 0 ask—> o,

For the notions of natural extension, Bernoulli shift, exact endomorphism
and strong mixing we refer to [9].
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THEOREM 3.2. Let T: X — X be a topologically mixing one-sided subshift
of finite type and let g € G. If Z,_, var,(log g) < oo, then the unique g-measure
u given by Theorem 3.1 has a Bernoulli natural extension. Hence relative to the
measure pu, T is an exact endomorphism and is strong mixing.

PROOF. This proof is an adaptation of that of Bowen [2]. Another proof
is in [6].

Let (3", B, E T) denote the natural extension dynamical system. If y de-
notes the partition of X into the sets {x € X| x, = i} as i runs through S let Y
denote its extension to X. We shall show 7 is a weak Bernoulli partition for T
[4]. We shall show for every e > 0 there exists N such that for ¢ = N and for
all positive integers r and s [F(P N TE+00) — H(P) - T(Q)| < elP)AQ) for all atoms
Pof Vi_oT™'y and atoms Q of \/}_o T~5. This clearly implies 7 is weak
Bernoulli. The condition stated is equivalent to showing
6) lu@ N T~E+D0) - u(P) - wQ)l < en(PIQ@)
for all atoms P of \/§_, T'y and atoms Q of \/}_, T".

LetP={x€Xlx;=4a;,0<i<s}and Q= {x EX| x, =b,,0<k<r}.
Suppose both are nonempty. Choose & so that 1/(1 —e) < (1 +8)} <1 +e.
Choosemsothatifs>mandx,=yi,0<i<s, then

A+ <g(y) T ™ ) g(x) -+ - g(T ™ x) < 1 +356.

m depends only on € and clearly it suffices to prove (1) for s > m, since an atom
of VV$_o Ty is a union of atoms of Vio Ty if s <s. Therefore assume
s> m. Note that

HPNT™ENQ) = uxp - xg © T
= ﬂ(L”t(Xp *Xg ° ) = Mg L***xp).
Consider

@ (L") = X &) g y)xp(r).

yET"(s-m ),

Note that P N T—™)z & if and onlyifz€P = {x € X| X =8 p 0<
i<m}=[ag_,,...,a]. Therefore (L*™x,)(z) # O if and only if z € P’
and then the sum in (2) only has one nonzero term, when y = ag°-"a

s—m—1%:
Hence if z, w € P',
LT xp(@)/ L* ™ xpw) = &(¥) - - - &(T™ 1 p)g(u) - - - &(T™ 1u)

where y =ay -4, ,,_zandu=ay---a,_, w andso(l +8) ! <
L™ xp@)/ L*™xp(w) <1 + & by choice of m. Fix some w € P’ and let ¢ =
L™ xpW). Then (1 + 8) lexpi(z) < LS ™xp(z) < (1 + 8)cxpr(2) for all
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z €X. Integrating this gives (1 + 8) ' cu(P") < uP) < (1 + 8)cu(P"), and using
this to eliminate ¢ gives

(1 + 8) 2u@)xp (/) < L™ xp(2) < (1 + 8 u@Pxp: @)/ u(P).
Therefore

(1 +8)? ﬁ((% (L™ ™)) < (L*%p)E)

- (Lt+m(Ls——me))(z) <@+ 5)2 ‘%:,—;(Lﬂ-mxp.)(z).

Using Theorem 3.1 choose NV so that ¢ = N implies IL'"""’xP:(z) - u@Hl <
u(P")8/(1 + 8) for all z € X. Since m depends only on e and since there are at
most |S|™ possible choices for P’ we can choose N, depending only on e, to work
for all choices of P'. If £ > N then (1 + 8)3u(P) < (L™**x,)2) < (1 + 8)*u(P)
and therefore

Xo@X1 + 8 u®) < (L™ xp)@xp(2) < (1 + 8)’uPxp(@),  zEX.
Integrating this gives
(1 + 8)2uP(Q) < u® N T~E+I9) < (1 + 8)*uP(Q)
and so
@ N TE0Q) - uP(Q)l < pPI(@) - max((1 +8)° —1,1-1/(1 +5)*)
< u(Pu(Q)e.

One can prove directly that (T, u) is an exact endomorphism without the use of
the Bernoulli property. Since L"f — u(f), f € C(X), we know f|L"f — u(f)ldu
—0asn—oif fEL'(). If E,(f/Q) denotes the conditional expectation of

f € L'(u) relative to the g-algebra Q we have to show E,(f/(\”T~"B) = u(f)

a.e. for all f € L'(u). Note that since u is a g-measure E,(f/T~"B) = (L"fNT"x)
a.e. and therefore, using the martingale theorem,

[ ,E,,<f/rj e B) - ()

du = lim [IE,(f/T™"B) - u()ldu

= lim [IL"f - u(du=0.

In this proof we used the assumption Z_, var,(log g) < e in getting the con-
vergence L"f — u(f) (Theorem 3.1) and in the definition of m. Taking into
account the remark after the proof of Theorem 3.1 we could assume the following
condition instead of =g var,(log g) < :

sup | sup |g(y) - - - (1" "'_‘l‘y) _
le(x) - - - g(T*™1x)

1 d(x,y)<;%i ]-—>0 asm — oo,

s$&>m
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This condition implies the one in the remark after the proof of Theorem 3.1.

The following theorem is the main tool for studying equilibrium states for one-
sided subshifts of finite type. It was stated in the form given here by Bowen [2].
We shall prove it using Theorem 3.1. We use the symbol — to denote conver-

gence in C(X).

THEOREM 3.3 (RUELLE’S OPERATOR THEOREM). Let T be a topologically
mixing one-sided subshift of finite type. Let ¢ € C(X) satisfy Z,_, var,(¢) < e.
There exists a number X > 0, h € ((X), and v € M(X) such that h > 0, v(h) = 1,
Loh =N, L3y =N, and Ly fIN" = u(f) - h.

ProoF. The construction of A, & and v will be taken from Ruelle’s proof
[8], and we shall use g-measures to get the convergence property. We write L
instead of L.

1. To obtain A and v consider the mapping of M(X) to itself given by m —
L*m/(L})1. The Schauder-Tycharoff fixed point theorem [3, p. 456] gives a
fixed point » € M(X) for this map. Therefore L*» = M if A = (L})1.

2. To obtain h, put B, = exp Zy,  var,(¢) and consider the set

A= {fEQX) W(f)=1,f>0,and forall k > 1 f(x) < B, f(¥)
ifd(x, y) <1/(k + 1)}.

We want to show A is a convex compact subset of C(X). It is convex because if
fh€EAanda>0,8=1-a >0, then

) h(x))
x) + ph(x) < (—, Yy +
of (x) + Bh(x) < max| 75 oy ) @ () + BH())
when d(x, y) < 1/(k + 1). To show A is compact we show it is bounded, closed
and equicontinuous and then apply the Arzela-Ascoli theorem. To prove bounded-
ness consider any points x, z € X and choose v € T~z with v, = x, (here A¥
> 0 by topological mixing). If f € A then

(LMY= T D +Ho@n++e(M1y) oy

YET M,

> POIHOTO++o(TH10) £y > ~MIdlg=1 (),
Therefore f(x) < (LMf()AM) - \MMI9IB for all z and so
f(x) S WMIOIB y([MAM) = \MMIiGlp = k.

Hence f is bounded. If f € A and d(x, y) < 1/(k + 1), then f(¥) = f(x) <

f)[B, — 1] <K[B; —1] and B;, — 1 as k —> oo, Therefore A is equicontin-

uous. Since A is clearly a closed subset of C(X) we have that A is compact.
Define L: C(X) — C(X) by L = X' L. We want to show LA C A and



384 PETER WALTERS

then apply the Schauder-Tychanoff theorem. Let f€ A. »(Lf) = v(f) =1 by
the construction of ». Clearly Lf > 0. If d(x, y) < 1/(k + 1), then
@ =2 ¥ fWrw=x" ¥ )
weT 'y i:Ajx =1
and

LN =X1 ¥ LOrp=x1 ¥ Wiy

ver 1y i:Ajyo=1

and each sum runs over the same values of i since x, = y,. Since ix and iy have
their first k + 1 coordinates equal (i.e. d(ix, iy) < 1/(k + 2)) we have

L) < Byy 1 1 OrXy) = BAH).

Therefore LA C A and let k be a fixed point of L. We wish to show 2> 0. If
- h(x) = 0 for some x then since Lk = h we have h(») = 0 if y € T"'x. Similarly
h vanishes on the dense set U: {T™"x} and so & = 0, contradicting »(h) = 1.

3. It remains to show the convergence property. Put g(x) = e?®)a(x)/\i(Tx).
Then g > 0, g is continuous and Z et L&) = 1. Also (L"f)x)\" =
h(x)(Liog g(f/MXx). If we can show g satisfies the condition in Theorem 3.1
then we shall get L3 f/A" —> h - u(f/h) where u is the unique g-measure. However
the measure m defined by m(f) = v(f - h), f € ((X), is a g-measure because it is
a probability measure and m(L g ,f) = v(h - Liog f) = v(Ly(f - BN =
W(f - ) = m(f). Therefore u(f/h) = v(f) and L3f/\* = »(f) - h. We show g
satisfies the condition at the foot of p. 382. Let d(x, y) < 1/(s + 1) and s > m. Then

80) @Yy
g(x) cee g(TS-m—lx)

exp(d(x) = ¢(») + - -+ + H(T*" " 1x)

h S~m
_ iy M) BT l

h(X) h(Ts—m )

< max [exp(i var,(¢) + Z var,(¢) + Z Vﬂl‘;(¢)>

= i=s+1

1-exp (— i vary(¢) - i varg(¢) - i Var1(¢)>]

i=m =s+1 i=m

ax[exp (2 i var,(¢)> -1,1-exp <—-2 i var,(¢)>].
i=m i=m
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. g(») - - g(T ™ 1y)
b ss;lgt [sup; g(x) e g(T&‘-m—lx)

COROLLARY 3.3(i). Suppose T: X — X and ¢ € C(X) are as in Theorem
3.3. Then ¢ has unique equilibrium state py, and py(f) = v(h - f), f € C(X).
Mg iS the unique g-measure for g = €® « h/\(T). With respect to kg T is an exact
endomorphism (and hence strong mixing) and its natural extension is a Bernoulli
automorphism. U i positive on nonempty open sets. Pr(¢) =log Nand \ is
the spectral radius of L,: O(X) — C(X). Also (log Lg1)/n = P().

ProoOF. We have ¢ =logg + logh o T —logh + log A so ¢ and log g have
the same equilibrium states by Lemma 1.1. Since we know Lioggf = v(f - h)
we know log g has a unique equilibrium state which is given by ue(f) = v(f - h),
f € AX). Therefore Iy is the unique equilibrium state for ¢. We saw in the proof
of Theorem 3.3 that is it a g-measure. By Theorem 3.2 we know that the natural
extension of T relative to U is a Bernoulli automorphism and that (T, “¢) is
exact. [, is positive on open sets by Lemma 2.1.

Since py is the equilibrium state for ¢ = log g + logh° T —log h + log A,

Pr@) =hy (D) + 1y(@®) = by, () + py(log &) + log X = log A,

since I is @ g-measure.

The spectral radius of Ly is given by lim,,_, , IL3lI'/" = Lim,_, IL31)11/"
= A by Theorem 3.3. Since L31/A" —> h we get (log Lg1)/n — Pr(¢).

Note that A, v and 4 > 0 are all uniquely determined by L3 f/A" = h - »(f)
since log A = lim,,_,, n”! log L}1, and h = lim, ., L31/\" 0

The above corollary generalises the result of W. Parry [7] that a topologically
mixing subshift of finite type has a unique measure which maximises entropy.
This is the case ¢ = 0 since then P(0) = h(T), the topological entropy of T and
an equilibrium measure for ¢ =0 is a member u of M(T) with hy(T) = h(T).
Let u, denote the unique measure with hyo(T) = h(T). Sinai has shown how to
define a class of measures he calls Gibbs measures from a given u € M(T) and a
given ¢ € C(X) [11]. If Z;_, var,(¢) <o it can be shown that there is a
unique Gibbs measure corresponding to y, and ¢, and this measure is g. The
next corollary has been proved by Sinai from the point of view of Gibbs measures
[11, p. 30].

CoRrOLLARY 3.3(ii). Let T: X — X be as in Theorem 3.3 and ¢, Y €
C(X) satisfy Ty var,(¢) < e, g var,(¥) <. Then My = My if and only if
¢-yY=foT—-f+ cforsomefE.O(X)andsomeceR.

-1} |d(x, y) < 1 %]—»0 asm —>oo,

s+1

ProOF. If y =y =fo T—f+c then Hy = My by Lemma 1.1. Suppose
Mg = i, . By Corollary 3.3(i) Uy is the unique g, -measure for some g, =
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€®h,/Q\; - b, ° T) and is the unique g,-measure for some g, = e®h,/(\, - hy © 7).
By Lemma 2.1 g, =g,. Therefore

o

o—y =log 10T —log’-l—l-+log7—\-l-.
hy hy A,

4. Generalisations. Suppose (X, d) is a compact metric space and T is a
continuous transformation of X onto X which satisfies

(a) there exists k such that {T"!x} has less then & members, for all x,

(b) T is a local homeomorphism, and

(c) for sufficiently small § > 0, d(x, y) = & implies d(Tx, Ty) = 6.

If ¢ € C(X) then L,: C(X) — ((X) can be defined by (L¢f)(x) =
Eyer_lxe"’(y)f(y). If € > 0, then let

var, (¢, €) = sup{l¢(x) — ¢()| 1 d(T*x, T) <e,0<i<n-1}.

Let G(T) = {g€C(X)|g > 0 and Eyer_lxg(y) =1 for all x € X}. A similar
proof to that of Theorem 3.1, 3.3 and yields

THEOREM 4.1. Let T: X — X satisfy (a), (b), (c) above and also, (d)
Ve >0 3N such that Vx € X T Vx is edense. Then if Z,_, var,(¢, €) —
0 as € — O there exists a number X > 0, v € M(X), h € C(X) such that h > 0,
wh) =1, Liv =W, Lyh =M, and L3 f/\* = h - v(f) for all f € O(X).
When ¢ =logg, g € (T),then A= 1and h = 1.

A continuous transformation S: X — X is positively expansive if there ex-
ists 8 > 0 so that d(S"x, S"y) < for all n > 0 implies x = y. Then any finite
partition of X into Borel sets of diameter less than & is a one-sided generator for
all u € M(S) and so h,(S) = H“(B/S"l B) for all u € M(S). This allows us to use
the proof of Theorem 2.1 to prove the following result.

THEOREM 4.2. Let T be a positively expansive transformation satisfying
(a), (b) and (c). Suppose g € (T) and let L denote L, ,.
If m € M(X) the following are equivalent:
() L*m =m,
(ii) m € M(T) and E,, (fIT ™' B)(x) = Z,c1—1,,8@)f () ae. mfor f€
L'(m),
(iii) m € M(T) and m is an equilibrum state for log g

A measure satisfying these conditions is called a g-measure.
Using this we can deduce

THEOREM 4.3. Let T be positively expansive and satisfy (a), (b), (c), (d).
Let ¢ be as in Theorem 4.1. Then ¢ has a unique equilibrium state 11, and u¢(f )

=ph - f),f € CX). Mg is the unique g-measure forg=e®h/(\-he T). With
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respect to |, the natural extension of T is a Bernoulli shift. U is positive on
open sets. Also Pr($) = log \ and X\ is the spectral radius of L¢.

When proving the Bernoulli property one uses for 4 any partition of X into
Borel sets of diameter less than 8. The proof is slightly more complicated than
the proof in Theorem 3.2 because the characteristic function of a set of the form

"o T 'B;, B, € v, may not be continuous.
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